Monte Carlo technique is applied to the three·dimensional Ising model with free surface. The critical behavior of the layer magnetization, the layer susceptibility and the local susceptibility near the ordinary transition point is investigated. The universal properties of the surface critical exponents and the surface critical amplitude ratios are confirmed. The scaling of magnetization profile is studied, and the bulk amplitude ratio for the correlation length ~o h / ~o -is calculated. § 1. Introduction
Recently, there has been considerable interest in the problem of the surface effect on the critical phenomena. 1) The renormalization-group study, 2),3) the lin expansion 4 ) and the high-temperature expansion 5 ), 6) have been successfully applied to this problem. The Monte Carlo simulation, which is a promising technique to provide fruitful numerical information, has been extensively used for studying bulk critical phenomena.7l.S) For the surface problem, however, only limited works have been done. 9 ) Quite recently, Binder and Landau IO ) have reported the first precise simulation of the three-dimensional Ising model with free surfaces. They have investigated the layer magnetization exponent, the scaling property of the magnetization profile and the ordinary-special crossover behavior.*)
In this paper, we perform the Monte Carlo simulation to investigate a wide variety of surface critical properties of the ordinary transition, the transition that bulk and surface order together at bulk Te. The following four points are the novel aspects of the present paper: First, we deal with not only the magnetization but the susceptibility. Second, we also consider the case where the external magnetic field is finite. Therefore we get estimates of several surface critical exponents, and discuss the universality and scaling properties of exponents. Third, we treat the critical amplitudes as well as the exponents. Using the estimates of the surface critical amplitudes, we discuss the universal critical amplitude ratios. The universality of the surface critical amplitude ratios has been recently discussed by Okabe and Ohno.l1) Fourth, we investigate the scaling property of the magnetization profile in detail.
Our paper is organized as follows. In §2 we explain the model and quantities we calculate. The results for surface critical exponents and critical amplitudes are given in §3. The critical amplitude. ratios are also discussed. The scaling property of the magnetization profile is considered in §4. Section 5 gives a summary and discussions. § 2.
Model and method of simulation
We use the simple cubic Ising model of size 32 x 32 x 32 with a free boundary condition *) Refer to Ref. (2-3)
From now on, we use the variable w which describes the surface-to-bulk ratio of the exchange interaction: 6 ) w=Js/J . (2) (3) (4) The standard notations K=J/kBT, h=H/kBT and hI =HI/kBT are also used. We calculate the layer magnetization mI, the layer susceptibility Xl ( = ami/ ah) and the local susceptibility XI,I( = amdahI ). The definitions of critical exponents and amplitudes are given in Table I , where t=( T-Tc)/Tc. It is to be noted that for the ordinary transition we consider the singular parts in discussing 71,1 ( 7~,I) and (hI. We take the parameters, K, h and hI, as the values on lines (a)~(d) in Fig. 1 because they are sufficient for studying critical exponents and amplitudes given in Table I . In discussing the general equation of state/I) we need the data for other points in the parameter space, Fig. 1 . However, this problem will be left to a separate study. Binder and Landau lO ) considered only case (b). The parameters, K, hand hl, are taken to be not too close to the criticality to escape from the finite size effect; we choose the parameters so that the range of correlation is not so large as the system size. We also take it into consideration that the system is not too far from the criticality to avoid the effect of the corrections to scaling. As for the values of w, we take typical ones for the ordinary transition, i. e., w=0.25, 0.5 and 0.75. We treat 75 sets of simulations as a total. The typical number of Monte Carlo steps per spin is 21000, and the d"ta for the first 1500 steps are abandoned in taking the average. § 3. Critical exponents and critical amplitudes
In this section we show the results of the surface critical exponents and critical amplitudes. The log-log plot of the temperature dependence of the spontaneous layer Fig. 2 . The statistical error of measurement, which is estimated from the short-time average, is smaller than the size of the mark. We estimate the critical exponent P1 from the slope of straight line. The slope is independent of w, which shows the universality of exponent. In Table II Binder and Landau/O) that of the e expansion 2 ), 3) and that of the high-temperature expansion. S ).6) We can deduce the information on the critical amplitude from the value of m1 at I tl = 1. We show the estimate ofthe amplitude in Table III . The critical amplitude B1 depends strongly on w.
We now tum to the critical layer magnetization. Figure 3 gives the magnetic field dependence of m1 at the critical temperature. For Kc we use the value of the infinite system,16) 0.221654. The estimated exponent and amplitude are given in Tables II and  III respectively. The convergence of the data is good enough and the final estimate of exponent 1/81 is 0.50±0.02.
The temperature dependence of Xl in the absence of magnetic field is shown in Fig. 4 . The statistical error of the measurement of the layer susceptibility is large compared to that of the layer magnetization because the susceptibility is the second moment of the magnetization. The typical error bar is shown in Fig. 4 . We show the estimate of Y1 ( Y1') in Table II . The estimated exponents take almost the same values, although they have errors of roughly 0.1. The extrapolated value of Xl at I tl = 1 yields the critical amplitude.
But the direct application of the simple extrapolation causes larger error of the estimate because of large statistical error. Therefore we employ the following method to get better estimate of the alllPlitude. We have the accurate estimate of exponent Y1 by the high-temperature expansion,S).6) which is consistent with our precise calculation of P1 and 81 through the scaling relations. Hence in calculating the amplitude, we use the data for small I tl and extrapolate the value to I tl = 1 by using this accurate exponent. We show the estimate of amplitude r 1 (r' 1) in Table III . We should note that the amplitude has strong w-dependence.
Next let us discuss the local susceptibility Xi. diverge at the critical point; the singular part gives the critical exponent and the critical amplitude. We plot X1,l as a function of t in Fig. 5 . It is difficult to get reliable estimates of three unknown parameters, the regular part, the critical exponent and the critical amplitude. Therefore regarding the value of the exponent as given, we estimate only the regular constant and the amplitude r 1,l(r'l,l). We use 1'1,1 = 1"1,1 = -0.29, which is derived from the scaling relations. The estimated constant, c, shown by arrows in Fig. 5, takes the values 1.92,2.87 and 4.66 for w=0.25, 0.5 and 0.75, respectively. We show the log-log plot of IX1 -cl versus t in Fig. 6 . Our estimate of critical amplitude is given in Table III .
We have shown the absolute value of the amplitude. We should mention that the lowtemperature amplitude r'l,l has a finite value, though it is accidentally zero in the mean-field approximation.
l l )
Lastly we consider the surface magnetic field dependence of m1 at Te. In this measurement the correlation length and the relaxation time remain infinite because the local field hI does not destroy the long-range correlation. It requires a longtime to attain the equilibrium. Therefore we only show the plot of mdh1 as a function of hI in Fig. 7 . Although Fig. 7 indicates the qualitative feature of m1, given in Table I We have shown that the surface exponents are universal because they do not depend on w. It is known that only one surface exponent is independent.!) If one critical exponent, say /31, is given, other exponents can be obtained through the scaling relations:
Our estimates of surface critical exponents, given in Table II , are consistent with these scaling relations within the error of estimate.
The surface critical amplitudes do depend on w, but several combinations of critical amplitudes, for example, Rx, = r 1D 1B/I-I, r 1/ r' 1 and r1.1/ r' 1.1, are known to be universal. 11) The calculated values of the amplitude ratios based on our simulation are given in Table IV . They clearly show the universality. The estimated values deviate from the mean-field ones/I) which are also given in Table IV . § 4.
Magnetization profile
The scaling argument predicts that in the presence of a surface the magnetization profile m(z) can be written in a scaling form.
)
We consider the case hI =0 for simplicity. where mb is the bulk magnetization and ~ is the bulk correlation length. It is to be noted that ~ is a function of t and h. We have introduced 11.' , the intercept of the extrapolation curve. IS) It is different from the (linear) extrapolation length A defined by
we show the schematic illustration of A and A'
in Fig. 8 . The scaling function m(z) shows asymptotic behavior The shift of the distance by X in (4·1) is essential in discussing the scaling property of magnetization profile entirely, as will be shown later. We discuss the Monte Carlo result of the magnetization profile for the phase boundary, (b) in Fig. 1 , and for the critical isotherm, (c). First we estimate X by using the polynomial regression analysis. The results, given in Table V (5-4w) . However X is not equal to unity generally. The important point is that the scaling function is independent of w. § 
Summary and discussion
In summary, we have applied the Monte Carlo study to the Ising model with free surface. We have calculated several critical exponents and critical amplitudes. The universality of exponents and amplitude ratios have been confirmed. We have also discussed the scaling property of magnetization profile. We have obtained the bulk information ~oh/~o-from our simulation data.
We have obtained the reliable estimates for BI and DI in this simulation. The other amplitudes, however, have larger errors. Precise data are desirable to get better estimate of the amplitude ratios. The high-temperature expansion is useful for getting the information on the susceptibility. For the bulk problem, the method of calculating the amplitude by the use of Pade approximant is established. 19 )
The application of this method is helpful to get the reliable r l •
We should note that the w-dependence of the amplitudes is systematical. Since the amplitudes of the ordinary transition have anomalies at the multicritical special transition point, we can get the information on the critical value We for the special transition and the crossover behavior from the calculated amplitudes. The detailed analysis will be left to a separate study.
We have obtained the precise information on the bulk correlation length ~ from the magnetization profile. Usually we need the correlation function to get ~ from the Monte Carlo data. However, the correlation function is the second moment and the convergence is slow. Therefore our method is quite useful for investigating the bulk correlation length. The Monte Carlo study on the scaling function for correlation length20) is now in progress.
In this paper we have discussed the magnetization profile for hi =0. It is interesting to investigate the power-law decay of the magnetization profile in the case hi *0, which Brezin and Leibler 2 I) argued. However, this will be studied separately in connection with the wetting transition. 22 ) 
